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Spontaneous Onset of Coherence and Energy Storage by Membrane Transporte
in an RLC Electric Circuit
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Recent experiments have shown that oscillating or fluctuating electric fields can drive thermodynam
cally uphill transport of ions catalyzed by a molecular ion pump, the Na,K-ATPase. Theory sugges
that if the transport reaction is very far from equilibrium the energy flow can be reversed, i.e., powe
can flow from the downhill transport process into the electric field. Here we show that in an electr
circuit with inductance, if the transport reaction is far from equilibrium, small fluctuations in the ne
polarization of the transporter proteins in the membrane can be spontaneously amplified, resulting
the onset ofcoherent behavior, andenergy transferfrom the chemical gradient to the electric circuit.
[S0031-9007(98)06089-X]

PACS numbers: 87.22.Fy, 05.40.+ j, 82.20.Mj, 82.20.Rp
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Na,K-ATPase is one of the membrane transport e
zymes that can be driven by oscillating or fluctuating ele
tric fields [1–3]. Energy from the field substitutes for
the energy normally provided chemically by adenosin
triphosphate (ATP). This interpretation was supporte
by the analysis of a four-state membrane transport mod
[4,5] based on the theory of electroconformational cou
pling [6]. The enzyme has several conformational stat
which interact differently with Na and K on the two sides
of the membrane [7]. The different conformations als
have different electrical properties [8,9]. Thus, a suffi
ciently large oscillating or fluctuating electric field can
cause such a transporter to alternate its conformation
accordance with the polarity of the field. If the affinity of
the transporter for substrate is different in these states
enforced alternation can result in pumping substrate, ev
against a concentration gradient.

A hypothetical diagram of an experimental setup fo
investigating the effect of an oscillating electric field on
membrane transporters in a plane bilayer is shown
Fig. 1(a). Instead of “in” and “out,” the two sides of
the membrane are designated “left” and “right.” A ki-
netic diagram of the four-state electroconformational co
pling model is seen in Fig. 1(b), where the electricall
distinct conformational states are schematically shown
a dipole that can point either to the left (states 1 and
or to the right (states 2 and 3). The rate constantsk41

and k32 are second order and are multiplied by the sub
strate concentrationsfSleftg and fSrightg, respectively, to
get the transition rates from state 4 to state 1 and fro
state 3 to state 2. The rate constants satisfy detailed b
ance:k12k23k34k41  k21k32k43k14. Since the transporter
has a dipole momentd, applying an external electric field
pointing from the left to the right with magnitudeE modi-
fies the transition rates between the two substrate bou
states (1 and 2) and between the two substrate free sta
(3 and 4) in such a way that the equilibrium constants b
come KB  e22Ck21yk12 and KF  e2Ck43yk34, where
2 0031-9007y98y80(20)y4602(4)$15.00
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C  EdykT . For simplicity, we assumed that the sub
strate is uncharged, and we checked that the behavior
the system is not qualitatively different when the substra
is charged. Furthermore, supposing rapid equilibratio
between the two bound and between the two free stat
(a sufficient condition isk12 1 k21, k34 1 k43 ¿ k23 1

k32fSrightg 1 k41fSleftg 1 k14), the kinetic equations for
this model reduce to one ordinary first-order differentia
equation [10] for the time evolution of the probabilityPB

that the enzyme is in one of the two bound states:

ÙPB  k41P4 1 k32P3 2 k14P1 2 k23P2,

PB  P1 1 P2, P1yP2  KB, P3yP4  KF .
(1)

The variablesPi s1 # i # 4d denote the probability that
the enzyme is in theith state with the normalization con-
dition

P4
i1 Pi  1. The expectation of the polarization

of the enzyme can be expressed aspd, where

p  P2 1 P3 2 P1 2 P4


KF 2 1
KF 1 1

1 2
1 2 KBKF

s1 1 KBd s1 1 KFd
PB . (2)

By numerically solving the kinetic equation with an al-
ternating sinusoidal electric fieldCstd  C0 sinsvtd we
determined the electric powerPel  kT kC Ùpl exerted by
the field on the transporter and the chemical powerPch 
kT logsSrightySleftd kk32P3 2 k23P2l exerted by the con-
centration gradient of the substrate, averaged over one
riod of the time. For a realistic set of the parameters
Fig. 1(c) shows these powers as a function ofC0 for two
different concentration gradients. It can be seen that f
a small gradient (dashed lines) the electric field loses e
ergy, and if its amplitude is large enough part of this en
ergy can be converted to do work on the concentratio
gradient. The transporter acts as a “Brownian ratche
[11], with the required anisotropy introduced by having
different dissociation constants for substrate on the le
© 1998 The American Physical Society
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FIG. 1. (a) Hypothetical diagram of an experimental setup f
investigating the effect of an oscillating electric field on mem
brane transporters embedded in a plane bilayer. The bila
is placed between the plates of a capacitor, and the elec
field is supplied by an alternating voltage generator. (b) K
netic diagram of the four-state electroconformational couplin
model of Na,K-ATPase. The kinetic constants used in the c
culations arek23  10 3 103 s21, k32  2 3 103 mM 21 s21,
k41  250 3 103 mM 21 s21, k14  50 3 103 s21. Since we
suppose rapid equilibration between the two bound and b
tween the two free states, it is not necessary to determ
the forward and backward rates concerned, but only the
ratios: k21yk12  k43yk34  5. (c) The electric powerPel
(solid lines) exerted by the field on the transporter, and th
chemical powerPch (dashed lines) exerted by the concen
tration gradient of the substrate as a function of the amp
tude of the alternating field (with frequency105 s21) for small
(fSleftg  1y10 mM, fSrightg  10 mM, thin lines) and large
(fSleftg  1 mM, fSrightg  10 mM, thick lines) concentration
gradient.

and rightsKd,left  k14yk41 , Kd,right  k23yk32d. What
is more surprising is that for a large concentration grad
ent (solid lines) energy can flow back from the gradient
the field. This can be understood by tracing the chang
of the probabilities of the states during one period of th
oscillating field.
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Consider the case when the concentration gradie
is small sfSrightgyfSleftg , Kd,rightyKd,leftd and where
fSleftg . Kd,left and fSrightg , Kd,right (Fig. 2). When
the field points to the rightsC . 0d, states 2 and 3
are favored, and sincefSrightg is small compared to
the dissociation constantKd,right, the unbound state 3
predominates. When the polarity of the field is reverse
(favoring states 1 and 4), a large part of the probabilit
flows directly from state 3 to 4. Note, that when the field
goes through zero the occupancy of state 3 is still great
than that of state 4 becausek34yk43 was chosen to be less
than unity. Thus the change of the transporter polariza
tion lags the change of the field. IfC remains negative
for some time probability flows from state 4 to state 1
(substrate associates on the left side) becausefSoutg is
large compared to the dissociation constantKd,left. Then,
when the field reverses polarity again, probability flows
from state 1 to 2 and the transporter polarization lags th
field again becausek12yk21 is less than one. As seen in
Fig. 2, the preferred direction of cycling is in the order
1 ! 2 ! 3 ! 4 ! 1. Thus, we conclude that substrate
flows from the side with low concentration (left) to the side
with higher concentration (right) because the transporte
goes through the cycle in the clockwise direction and en
ergy flows from the electric field, because the polarizatio
of the transporter lags the change of the field [Fig. 2(c)].
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FIG. 2. Schematic illustration of the operation of the mem
brane transporter model in an alternating electric field (with
frequency1.66 3 104 s 21 and amplitudeC  1.5) for small
concentration gradient. (The actual values of the substrate co
centrations arefSleftg  1y2 nM, fSrightg  4 nM.) (b) This
shows the probability of the four states as a function of time
and (a) illustrates it with circles, the areas of which are propor
tional to the corresponding probabilities. The arrows represe
the electric field. (c) This shows the field and the quantityp
(which is proportional to the average polarization of the trans
porters) as a function of time. It is seen clearly that the po
larization lags the field, indicating that the electric field loses
energy.
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FIG. 3. Same as Fig. 2, but for large concentration gradie
(Now the actual values of the substrate concentrations
fSleftg  1y25 mM, fSrightg  25 mM.) Here the polarization
of the transporter precedes the field, indicating the electric fie
gains energy.

Figure 3 describes the situation when the concentrat
gradient is much largersfSrightgyfSleftg ¿ Kd,rightyKd,leftd
and wherefSleftg ø Kd,left and fSrightg ¿ Kd,right, but
nothing else is changed. Now, when the field poin
to the right sC . 0d, states 2 and 3 are favored, bu
since fSrightg is very large compared to the dissociatio
constantKd,right, the bound state 2 predominates. Whe
the polarity of the field is reversed, a large part of th
probability flows directly from state 2 to 1. Note, tha
when the field goes through zero the occupancy of stat
is already greater than the that of state 2 becausek21yk12

was chosen to be larger than unity. Thus the change
the transporter polarization precedes the change of
field. If C remains negative for some time, probabilit
flows from state 1 to 4 becausefSleftg is small compared
to the dissociation constantKd,left. Then, when the field
reverses polarity, probability flows from state 4 to 3 i
such a way that the polarization again precedes the fi
becausek43yk34 is larger than one. Thus, we can conclud
that the system loses chemical energy (i.e., the subst
flows from the side with high concentration to the side wit
low concentration) because the transporter goes throu
the cycle predominately in the counterclockwise directio
[Fig. 3(b)], and that energy flows to the electric field
because the polarization of the transporter precedes
change of the field [Fig. 3(c)].

Energy flow from oscillating and fluctuating electric
fields to a concentration gradient has been experimenta
observed [1–3]. Kampet al. [12] proposed a model for
coupling two enzymes purely electrostatically, in whic
energy can flow from one enzyme to the other through t
electric field acting between the two enzymes, but dire
4604
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observation of the energy flow from a chemical gradien
to the electric field is a big challenge, and has never be
performed. Here we propose a simple setup—“a biolog
cal electric generator”—to carry out this experiment.

Let us take a piece of membrane with a large number
transporters and place it between the plates of a capaci
in anRLC electric circuit as shown in Fig. 4(a). Since the
medium that contains the membrane is a good conduct
the capacitor plates are effectively almost as close to ea
other as the thickness of the membrane, and the resista
of the medium is added to the resistance of the circu
The membrane resistance is large but finite and is paral
to the effective membrane capacitance. The equivale
circuit for the proposed experimental system containing a
inductanceL, an effective capacitanceC, and series and
parallel resistancesRc and Rm, respectively, is shown in
Fig. 4(a). The electrical properties are described by th
following system of differential equations:

L ÙJc 1 RcJc 1 Um  0, ÙQ  Jc 1 Jm,

RmJm 1 Um  0, Um 
Q
C

2
Npd

´m´0A
,

(3)

where the variablesJc andJm are the currents in the circuit
and through the membrane, respectively,Um is the voltage
drop on the capacitor (on the membrane),Q is the charge
stored by the capacitor, and the parametersl andA denote
the width and surface area of the membrane, respective

These equations are nonlinearly coupled to the kinet
equation (1) via the electric fieldE  Umyl that alters
the equilibrium constantsKB andKF . The instantaneous
state of the transporter molecules in turn enters into th
differential equations (3) of the circuit via the average
polarizationpd.

Numerically solving the equations of theRLC circuit,
together with the kinetic equation, we have found th
following results: If the concentration gradient of the sub
strate is large enough and an electric currentJc oscillates
in the circuit (with an angular frequencyv ø 1y

p
LC),

the transporters between the capacitor plates feel
oscillating electric field and convert chemical energy t
electric energy of the circuit by increasing the amplitud
of the oscillation of the current if the electric dissipation
is small enough. The most striking result is that with
out any initial electric oscillation an oscillating electric
current Jc starts from thermal noise, with exponentially
increasing amplitude, and reaches a plateauJp

c , where
the energy losses compensate the energy gain [Fig. 4(c
During this process, the initially independently and
stochastically working transporters begin to work mor
and more coherently. The reason for this kind of behavio
is that for small electric oscillation both the energy loss i
the circuit and the energy transferred from the chemic
gradient to the circuit have a parabolic dependence on t
amplitude of the oscillation [5] [see Fig. 4(b)].

The calculations were done using realistic values o
kinetic constants and circuit elements, so the approach m
form the basis for a technique to study the kinetic an
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FIG. 4. (a) Schematic diagram of anRLC electric cir-
cuit designed for the investigation of how chemical en
ergy can be transferred to electric energy by coheren
operating membrane transporters. In the numerical calcu
tion we have used the following realistic set of param
ters: ´0  8.9 3 10212 C2 N21 m22 is the dielectric constant
of the vacuum,́ m  2 is the relative dielectric constant of
the membrane,A  1 mm2 is the surface area of both the
capacitor plates and the membrane,l  10 nm is the width
of the membrane,C  ´m´0Ayl ø 1.8 mF is the effective
capacitance,L  20 MH, Rm  500 kV s 5 3 107 V m 3
10 nmy1 mm2d, Rc  30 V ( 0.3 V m 3 0.1 mmy1 mm2 if
the width of the cell that contains the medium is 0.1 mm
N  2 3 108 is the number of the transporters in the mem
brane,d  1.6 3 10227 Cm s1.6 3 10219 C 3 10 nmd is the
dipole momentum of a transporter. (b) The electric pow
s2Peld transferred to the circuit by the membrane transporte
and the powersPdisd dissipated in the circuit as a function o
the amplitude of the electric current. (c) The electric current
a function of time. The amplitude of the current increases e
ponentially until reaching plateausJp

c d, where the energy losses
compensate the energy gain.
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dynamic behavior of membrane enzymes and the role
their interaction with the electric field. More importantly
by splitting the system into a transport reaction with ve
simple linear kinetics, and a passive electric circuit, t
results offer insight into mechanisms by which feedba
allows for spontaneous oscillatory behavior when a syst
is far from equilibrium. If the energy losses could not b
reduced sufficiently, extra amplification could be applie
that alone is insufficient to increase the oscillation,
by simply measuring the rate of damping of an initia
oscillation in the circuit started externally, it should b
smaller for larger concentration gradient.

The analogy between electrical circuits and chemic
networks has a long history [13], and recent studies [1
have attempted to extend the correspondence to incl
far-from-equilibrium nonlinear effects. Here we hav
taken this analogy a step further and shown that a noneq
librium chemical reaction catalyzed by a membrane e
zyme can act as an active element in an external elec
circuit and provide the energy for driving electrical osci
lations. The realization that membrane transporters c
act as reversible chemoelectrical converters provides n
insights into mechanisms of free energy transduction
proteins. Although we have focused on a specific case
membrane transporters, the concept applies more gene
to any system that is coupled both to an external field a
to a chemical reaction.
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